Abstract: Tension stiffening phenomenon plays a vital role in serviceability of nonprestressed reinforced concrete (RC) beams as it enhances the postcracking flexural stiffness leading to a smaller deflection, accordingly. However, this paper's findings indicate that in contrast to RC sections, the effect of tension stiffening is negligible for fully prestressed concrete sections. This study presents a closed form equation of moment-curvature for prestressed concrete sections under service load, where the tensile strength of the concrete is taken into account. This equation is verified by experimental test data and numerical analysis, thereby proving the negligible effect of tension stiffening on fully prestressed concrete sections.
Introduction
Tension stiffening is the ability of concrete to carry tension between cracks in reinforced concrete members, and it controls the deformation particularly in the serviceability stage (Bischoff 2003) . The general moment-curvature diagram for nonprestressed concrete sections is shown in Fig. 1 , where ϕ cr = the curvature at which first cracking occurs corresponding to the moment, M cr . Likewise, ϕ n = the curvature in the postcracking stage induced by the moment, M n . If theoretically no tension stiffening occurs, there will be an increase in the curvature at cracking and postcracking loads denoted by Δϕ cr and Δϕ n , respectively. In other words, beyond the cracking moment, tension stiffening gives rise to a reduction in curvature,Δϕ n , and an increase in flexural stiffness, accordingly. The larger the Δϕ cr , the more pronounced the contribution of the concrete,Δϕ n , to carry tension in the postcracking stage since Δϕ n is directly proportional to Δϕ cr with a factor, β c , to account for tension stiffening (Bischoff 2005) . Therefore, finding Δϕ cr in the theoretical moment-curvature relationship can indicate to what extent tension stiffening will be effective in the postcracking stage. Although tension stiffening in reinforced concrete (RC) members has been investigated by many researchers (Fields and Bischoff 2004; Scott and Beeby 2005; Gilbert 2007 ), less attention has been paid to studying this phenomenon in prestressed beams. Some researchers studied prestressed concrete prisms under direct tension, not flexure, and concluded that the prestressing force enhances the tension stiffening effect (Collins and Mitchell 2001; Davoudi et al. 2008 ). Gilbert and Mickleborough (1990) noted that for most practical prestressed members, tension stiffening is not very significant and deflection can be reasonably estimated while ignoring it. However, no further explanation has been provided to support this. This technical note is intended to clarify this matter by deriving a closed form equation for the moment-curvature relationship.
Closed-Form Equation of Moment-Curvature for Prestressed Concrete Sections
To find the theoretical moment-curvature equation of prestressed concrete sections, a cracked prestressed concrete section is considered under service load given the linear elastic behavior of the concrete and reinforcement (Fig. 2 ). Compatibility equations of strain over the height of the section can be expressed as
where ε c , ε p , and ε cr = the flexural induced strains corresponding to the top of the section, at the prestressed tendons, and at the crack tip, respectively. The following variables are defined in Eqs.
(1)-(3) ϕ = the curvature; c = the neutral axis depth; d = the location of the tendons; and z = the depth of the tensile portion of the concrete as shown in Fig. 2 . ε cr can be related to the curvature at which first cracking occurs, ϕ cr , using the following equations:
where c cr = the neutral axis depth right before cracking; h = the height of the section; and β = a constant coefficient that can be computed using Eq. (11 (6), where ε 0 denotes the effective prestressing strain in tendons and ε cr indicates the cracking strain of concrete as
The equilibrium equations can be stated as
where T and C = the tensile and compressive resultant forces, respectively; and M N:A: = the moment with respect to the neutral axis. Substituting Eqs. (1)- (6) in Eq. (7) gives the location of the neutral axis as follows:
where n p = the ratio of the modulus of elasticity of the prestressed tendons to that of concrete; and ρ t = the ratio of the tendons' crosssectional area, A p , to the total area of the section. Likewise, substituting Eqs. (1)- (6) in Eq. (8) gives the moment-curvature equation as
where E c = the modulus of elasticity of concrete; and I g = the gross moment of inertia of the section. Solving Eq. (9) 
tion of section geometry, reinforcement ratio, modular ratio, and prestressing level as To verify Eq. (10), the result of an experiment conducted by Dolan et al. (2001) and the result of a computational model developed by the authors are compared. The chosen prestressed concrete beams are designated as B9-2F, B9-4F, and B12-4F. Further details can be found in Dolan et al. (2001) . Fig. 3 shows that Eq. (10) matches well with the results of the experimental test and numerical analysis. Note that the origin of the coordinate was shifted to the negative curvature induced by the prestressing force for the sake of consistency with the reported experimental results. The parameters used in Eq. (10) corresponding to each specimen are summarized in Table 1 .
Tension Stiffening in Prestressed Concrete Sections
The effective prestressing force applied in B9-2F specimen is 60% of the tensile capacity of the tendons, which provides a fully prestressed section. If this prestressing force decreases, the coefficient α in Eq. (6) decreases and the moment-curvature behavior changes based on Eq. (10). As shown in Fig. 4 , the prestressing ratio is decreased to 40% (α ¼ 40:5), 20% (α ¼ 20:25), and 0% (α ¼ 0), and the moment-curvature relationship is extracted from Eq. (10). The decreasing prestressing force causes Δϕ cr to be more pronounced and can be quantified in terms of a cracking index, CI, defined as Δϕ cr ∕ϕ cr and measured for different amounts of prestressing. This ratio is equal to 11.5, 6.0, 2.5, and 0.8 for 0%, 20%, 40%, and 60% prestressing ratio, respectively. As discussed previously, the larger the Δϕ cr , or CI, the more pronounced the contribution of the concrete, Δϕ n in Fig. 1 , to carry tension in the postcracking stage and hence the enhanced the effect of tension stiffening. Therefore, for the nonprestressed concrete section the effect of tension stiffening is large and considerable; however, as the prestressing force increases, this effect becomes insignificant and hence negligible for the fully prestressed concrete section.
There are two reasons why the prestressing force causes a decline in the raise of the curvature and drop of the moment at cracking. The first reason is related to the depth of the neutral axis. Fig. 5 illustrates the variation of the neutral axis depth for specimen B9-2F right after cracking using Eq. (9). It can be inferred that the neutral axis depth is larger when the concrete section is prestressed, thereby the smaller portion of the section is cracked, and this prevents the large raise of the curvature at cracking.
The second reason lies in the fact that the eccentricity of the prestressing force grows as the neutral axis shifts up gradually, which induces an additional moment compensating for the loss of the flexural resistance caused by cracking. The moment induced by prestressing force with respect to the neutral axis, M p , can be found if the expressions having coefficient α, are extracted from Eq. (10) as follows: moment, ΔM p , due to growth in eccentricity of the prestressing force as follows:
For a specific level of prestressing, all the parameters in Eq. (13) are constant during the loading except c∕h. As shown in Fig. 6 for specimen B9-2F, it can be clearly deduced that with further cracking and decreasing the depth of the neutral axis, ΔM p increases and to some extent compensates for the loss of the flexural resistance caused by cracking, depending on the level of prestressing.
Conclusions
This study presents and verifies by experimental test data and numerical analysis a closed form equation for moment-curvature relationship of prestressed concrete sections under service load. Neutral axis depth and growth of the prestressing force eccentricity are shown to cause a different postcracking flexural behavior of prestressed concrete sections, and thus this study clearly shows that in fully prestressed concrete sections the effect of tension stiffening is negligible and barely affects the flexural performance of the beam in serviceability stage. However, as the prestressing force declines, the effect of tension stiffening becomes more pronounced.
